MULTIPLICATION AND COMPOSITION OPERATORS 
BETWEEN TWO DIFFERENT ORLICZ SPACES 
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Abstract. In this paper we consider composition operator C v generated by 
nonsingular measurable transformation ip : f2 — > f2 and multiplication operator 
Mo generated by measurable function u : Q — > C between two different Or- 
licz spaces L*i(Q,S,/i) and L*2(Q, E,/i), then we investigate boundedness, 
compactness and essential norm of multiplication and composition operators 
in term of properties of the mapping ip, the function u and the measure space 
(n,E )A t). 



1. Introduction and Preliminaries 

Let $ : K — > R + be a continuous convex function such that 

(1) $(a;) = if and only if x = 0. 

(2) lirn^oc $(x) = oo. 

(3) lim^oo 5^ = oo. 

The convex function $ is called Young's function. With each Young's function 
<&, one can associate another convex function ^ : R — > R + having similar properties, 
which is defined by 

= sup{a;|y| - $(x) : x > 0}, y G R. 

The convex function 'J is called complementary Young function to $. A Young 
function $ is said to satisfy the A2 condition (globally) if $(2x) < a; > 

x > 0(xo = 0) for some constant k > 0. 

If $ is a Young function, then the set of E— measurable functions 

L*(E) = {/ : n -> C : 3fc > 0, / ${k\f\)d[i < 00} 

is a Banach space, with respect to the norm iV$(/) = inf{/c > : J n ^(i)dfj, < 1}. 
(L*(E), iV$(.)) is called Orlicz space. The usual convergence in the orlicz space 
L (E) can be introduced in term of the orlicz norm N&(.) as u n — > it in L (E) 
means N$(u n — w) — > 0. Also, a sequence {« n }™ =1 in L*(E) is said to converges in 
$-mean to u G £*(£), if 

lim I<s>{u n — u) = lim / $(|u n — u|)<f/i = 0. 

71— >oo n— >oo 

Let f2 = (fi, E, /i) be a cr-finite complete measure space and let tp : O — > fi be a 
measurable transformation, that is, </? _1 (j4) G E for any A G E. If = 

for all A G E with fJ-(A) = 0, then tp is said to be nonsingular. This condition means 
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that the measure /io(^ _1 , defined by /j,otp~ 1 ( A) = /j,((p^ 1 (A)) for A 6 S, is absolutely 
continuous with respect to the /j, (it is usually denoted fi o ip" 1 <C fi). The Radon- 
Nikod'ym theorem ensures the existence of a nonnegative locally integrable function 
h on fi such that, \i o <p~ l (A) — J A hd^i, A e S. Any nonsingular measurable 
transformation ip induces a linear operator (composition operator) C v from L (fi) 
into itself defined by 

C v (f)(t) = f(<p(t)) ;ieO, /6L°(fi), 

where L°(fi) denotes the linear space of all equivalence classes of ^-measurable 
functions on fi, that is, we identify any two functions that are equal /i- almost 
everywhere on fi. Here the nonsingularity of ip guarantees that the operator C v 
is well defined as a mapping from L°(fi) into itself. If maps an Orlicz space 
i*(fi) into itself, then C v is called composition operator on L*(fi). Note that, in 
this case C v is bounded. 

Let u : fi — > C be a measurable function on fi. Then the rule taking u to u.f, 
is a linear transformation on i°(fi) and we denote this transformation by M u . In 
the case that M u is continuous, it is called multiplication operator induced by u. 

The composition and multiplication operators received considerable attention 
over the past several decades especially on some measurable function spaces such 
as L p -spaces, Bergman spaces and a few ones on Orlicz spaces, such that these 
operators played an important role in the study of operators on Hilbert spaces. 

The basic properties of composition and multiplication operators on measurable 
function spaces are studied by more mathematicians. For more details on these 
operators we refer to Abraham [1] , Takagi [20] , Axler [2] , Estaremi and Jabbarzadeh 
0, Halmos [7], Lambert [13], Singh and Manhas QJ5], Takagi QH [22 [22] , Hudzik 
and Krbec [5], Cui, Hudzik, Kumar and Maligranda [5], Arora [3] and some other 
works. The multiplication and weighted composition operators are studied on Orlicz 
spaces in [TU] [17] . In the case that ip is an N- function, some results on boundedness 
of composition operators on Orlicz spaces, are obtained in [11] (see also [33]). As 
is seen in [18] . the essential norm plays an interesting role in the compact problem 
of concrete operators. Many people have computed the essential norm of various 
concrete operators. For these studies about composition operators, we refer to 
[15] |2T] [24] . The question of actually calculating the norm and essential norm of a 
composition and multiplication operators on Orlicz spaces is not a trivial one. In 
spite of the difficulties associated with computing the essential norm exactly, it is 
often possible to find upper and lower bound for the essential norm under certain 
conditions. 

In this paper, we are going to present some assertions about boundedness, com- 
pactness and essential norm of multiplication and composition operators between 
two Orlicz spaces. In section 2 we give some necessary and sufficient conditions 
for boundedness of composition and multiplication operators between two different 
Orlicz spaces. In section 3 we present some necessary and sufficient conditions for 
compactness of composition and multiplication operators between two different Or- 
licz spaces. Then in section 4 by using the compactness assertions, that is proved 
in section 3, we estimate the essential norm of composition and multiplication op- 
erators. 
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2. Boundedness 

In this section we present some necessary and sufficient conditions for bounded- 
ness of multiplication and composition operators from into L* 2 (f2). 

Theorem 2.1. Let (f2,£,/i) be a u-finite nonatomic measure space and ip : 
ft — > fl be a surjective nonsingular measurable transformation. Denote by h the 
Radon-Nikodym derivative dA1 °^ — . The the following conditions are equivalent: 

(a) The composition operator C v is bounded from L $1 (f2) into L* 2 (f2). 

(b) The Orlicz space I/* 1 (CI) is embedded continuously into the weighted orlicz 
space L h 2 (Cl). 

(c) There are a, b > and g 6 L 1 ^) such that ^ 2 (au)h(t) < b$i(u) + g(t) for 
all u > and t e Cl\A with (i(A) = 0. 

Proof, a — >• &. Since </? is surjective, then for all / £ L* 1 (f2) we have 

I**<P v (f))= f $ 2 (|C v ,(/)|)d/*= / ^2(|/|)^ 

= / fcS 2 (|/|)d/* = 
Jo 

Suppose that (a) is satisfied, then for every / £ L $1 (fi) we have 
N^ h (f) = N^CM)) < \\CjN^(f). 

This implies that the Orlicz space L* 1 (ft) is embedded continuously into the weighted 
orlicz space L® 2 (fl). 

By [[H], th 8.5], it is easy to see that b — > c. 

For c — > a, we suppose that (c) holds, then for every / £ L* 1 (CI) we have 



$ i(F7H)*+ / 9(t)dn<b+ [ g(t)dn<M', 
where M' > 1. This implies that J $2 ( ^ ) < 1, thus iV #2 (C<p(/)) < ^-N^(f). 

Theorem 2.2. If C v : L $1 (f2) — > L* 2 (f2) is a linear transformation, then C v is 
bounded. 

Proof. By applying closed graph theorem, injectivity of $i and $2 and the fact 
that the norm-convergence implies the $-mean-convergence, we conclude that C v 
is bounded. 

Remark.2.3 By theorem 2.2 we have: C v e B(X $1 ,X* 2 ) if and only if C^L® 1 ) C 
L* 2 . Thus the following conditions are equivalent: 

(a) The composition operator C v is bounded from L* 1 (0) into L* 2 (f2). 

(b) For every / € L 9l (Ci), there exists A > such that 

h<&2(Mf\)d^ < 00. 



(c) The Orlicz space L* 1 (CI) is embedded continuously into the weighted orlicz 
space L® 2 (Cl). 
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(d) There are a, b > and g e L^fi) such that $ 2 (au)/i(i) < 6$i(u) + for 
all u > and f G O \ A with /z(-A) = 0. 

Theorem 2.4. Let w : 51 — >• C be a measurable function. Then 

(a) If there exists M > such that 

® 2 (\u(x)a\) < $i(M|a|) 

for ^-almost all x G O and a G C, Then M„ : i* 1 (ft) -> L* 2 (ft) is a bounded 
operator. 

(b) If (ft, is non-atomic measure space and the operator M u : L $1 (ft) — > 
L* 2 (ft) is bounded, then there exists M > such that 

<& 2 («(x)a) < *i(Mo) 

for /x-almost all x G ft and aeC. 
Proof, (a) For every / G i* 1 (ft) 

/ $ ( )da< [ $x( M * )du<l. 

Therefore iV* 2 (M u (/)) < MN^ l(f) , for every / G L $1 (0). 

(b) If the condition of theorem is not satisfied, then for every n G N there exists 
a measurable set F„ of ft and some a n G C such that 

F n = {a; S fi : $ 2 (|«(x)a„|) > $i(2"n 2 a„)} 

is a measurable set of positive measure. Since \x is non-atomic, we can choose a 
disjoint sequence of measurable sets {E n } such that E n C F„ and 

( , _ $ 2 (|ai|) 
M ^-2«$ 1 (^K|)- 

Let / = S~ j 

CrtXBn) where c n = n\a n \. Suppose thata > and n > a, then 



/ $i(a/)c^ = / $i(ac„)x£;„dM 

Jn 



a, for W£ ^ + ^i( QC ") $ 2(|ai|) 
£ n=1 *i(ac„)M£„) + s ri=ri0+1 an^^i^i) 

$ i(n 2 KI)$ 2 (M ) 
2«$ 1 (n 2 |a„|) 

If a > — , then 



< S„Li^i(ac„)^(£;„) + E„ = „ o+1 — on ^ ^ 2U h — < 00. 



/ $ 2 (a|u./|)d/x > E„>„ / $ 2 (an\ua n \)d(i > 
Jn J E n 

$ 1 (2"n 2 |a„|)M^) 
> E„>„ $ 2 (|ai) = 00. 

This is a contradiction. 

Theorem 2.5. If M„ : L* x (ft) — > L* 2 (ft) is a linear transformation, then M„ 
is bounded. 



MULTIPLICATION AND COMPOSITION OPERATORS BETWEEN TWO DIFFERENT ORLICZ SPACES 



Proof. By applying closed graph theorem, injectivity of <3?i and <E>2 and the fact 
that the norm-convergence implies the $-mean-convergence, we conclude that C v 
is bounded. 

3. Compactness 

In this section we present some necessary and sufficient condition for composition 
and multiplication operators to be compact. Recall that an atom of the measure 
fi, is an element A G E with n(A) > such that for each F G E, if F C A then 
either n(F) — or fi(F) — fi(A). A measure space (Q, E, fi) with no atoms is called 
non-atomic measure space. It is well-known fact that every cr-finite measure space 
(fi, £,//) can be partitioned uniquely as ft. = B U {Aj : j G N}, where {A,-},^ is 
a countable collection of pairwise disjoint atoms and B G E, being disjoint from 
each Aj, is non-atomic (see [23 J. Since E is cr-finite, so a, := fi(Aj) < 00, for all 
j G N. A bounded linear operator T : E — ► i? (where J5 is a Banach space) is called 
compact, if T(B\) has compact closure, where i?i denotes the closed unit ball of E. 

Theorem 3.1. Let T = C v be bounded from E, /x) to L* 2 (0,E,^). 

Then C v is compact if and only if A £ = {x G f2 : $a(|a|)/i(*) > $i(e|a|),a G C} 
consists of finitely many atoms, for all e > 0. 

Proof. Let e > and N £ = U™ =1 C„ consists of finitely many atoms. Put T e = 
C V M XN . Since E— measurable functions are constant on E— atoms and (f2, E,/x) 
is (7 — finite, then M XN ^ is a compact operator on L $1 (r2, E,/i). Thus the operator 
T E = C v M Xn ^ is compact from L #1 (Q, E,/x) to L* 2 (f2, E, fj,). Hence for every 

Jn\N e *!(;) Jn\jv s ejV*i(/J 

Jn\A e iV $A/j 
This implies that N$ 2 (Tf - T e f) < sN^^f). Thus T is compact. 

Conversely, suppose there exists £ > such that A £ consists of infinitely many 
atoms or a non-atomic subset of positive measure. In both cases we can find a 
sequence {-BnjneN} of disjoint measurable subsets of N e with < (i(B n ) < 00. Put 

f» = N*JZ Bn y Hence 

Jn %(/n°W Jn A$ 2 (/„) 

= 1 ** N fn <7 ^ * 1 

Jn A$ 2 (/„ o (p) 
So e = N^ 1 (ef n ) < N$ 2 (f n o ip). Since B n 's are disjoint, for n^m 

N$ 2 (f n ° V - fm ¥>) > (/„ o tp) > s. 

So {f n o <^>} n6 pj has no convergent subsequence. This mean's T — C v can not be 
compact. 
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Corollary 3.2. If (0,(7, fi) is nonatomic measure space, then there is not 

nonzero compact composition operator between L* 1 (O, E, /x) and L* 2 (f2, E, /i). 
Theorem 3.3. Let M u be bounded from L* 1 (17, E, to L* 2 (ft, E,/i). Then 

M u is compact if and only if N E (u) = {x 6 f2 : $ 2 (|'"(a;)a|) > $i(e|a|),a £ C} 
consists of finitely many atoms, for all e > 0. 

Proof. Let e > and N £ = N £ (u) = U™ =1 C„ consists of finitely many atoms. 
Put u E = uXn s and T e = M Ue . Since E— measurable functions are constant on 
E— atoms and (fi, E,/i) is a— finite. We have 

n n 
i=l i=l 

Thus A/ Ue is finite rank. Hence for every / e L* 1 (fi, E, /i) 

J a sN^{f) Jn\N E sN^{f) 

-Jn\ Ne 1{ eN^(f)' ^ Jn\N e U *M/r^~ 
This implies that N$ 2 (M u f — M Ue f) < eN^> 1 (f). Thus M u is compact. 

Conversely, suppose there exists e > such that iV E consists of infinitely many 
atoms or a non-atomic subset of positive measure. In both cases we can find a 
sequence {B n } n gN} of disjoint measurable subsets of N e with < n(B n ) < oo. Put 

f $1 ( £/ " )^< / $ a ( )d M <l. 
Jo. N^ 2 (uf n ) J n N$ 2 (uf n ) 

So £ = N$, 1 (ef n ) < N$ 2 (uf n ). Since B n 's are disjoint, for n ^ m N^ 2 (uf n — 
u fm) > N$ 2 (uf n ) > e. So {w/n}neN has no convergent subsequence. This mean's 
M u can not be compact. 

Corollary 3.4. If (fi, <j, /x) is nonatomic measure space, then there is not 

nonzero compact multiplication operator between L* 1 (f2, E, fj.) and L* 2 (f7, E, /i). 

4. Essential norm 

Let 25 be a Banach space and K, be the set of all compact operators on 25. For 
T G £(23), the Banach algebra of all bounded linear operators on 25 into itself, the 
essential norm of T means the distance from T to K, in the operator norm, namely 
||T|| e = mf{||T - S\\ : S € K}. Clearly, T is compact if and only if ||T|| e = 0. As is 
seen in |18) , the essential norm plays an interesting role in the compact problem of 
concrete operators. 

Theorem 4.1. Let <p : 51 — > be nonsingular measurable transformation and 
let T = C lp : L 9l (Q, E,/i) -> L* 2 (fi, E,/i). If = inf{e > : N £ consists of finitely 
many atoms}. Then 

(a) ||cyu < Pi- 
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(b) Let $1 € A2 and /tx(C„) — > or {fi(C n )}n£ft has no convergent subsequence. 
Then /?! < HC^IU. 

Proof, (a) Let e > 0. Then N £+ p 1 consist of finitely many atoms. Put T E+ p 1 = 
C lp M XN ^ +f) . So T e+ p 1 is compact. Also for / 6 L $1 (£l,£,/x) 



/ 

Jn 



= / h* 2 (—-l——W<[ <&i( 



)dfj, 



= 1 <&i(^4n)^<i. 

Jn\N e+fll iV *iUJ 
This implies that N^ 2 (Tf - T £+Pl f) < (e + Pi)N^(f). Hence 

||T|| e < ||T-T e+j8l || <e + ft. 

Thus ||T|| e </3i. 

(b) Let < e < Then by definition, Np 1 - £ (u) contains infinitely many atoms 
or a non- atomic subset of positive measure. If N/3 1 - £ (u) consists a non- atomic 
subset, then we can find a sequence {-B„}„<=n such that fi(B n ) < 00 and n(B n ) — > 0. 
Put /„ = N J C ^ B ) 7 then for every 4eE with < /u(A) < 00 we have 



/ 

Jn 



1 , . ^(jtk)) 



f nXA dn = KA n B,,)*^—-) < p±L- -> 0. 

'n ^™ RSI) 

when n — > 00. Also, if Np 1 - £ (u) consists infinitely many atoms {C^jneN- We set 
■f n = Iv — PTr Then for every 4eE with < fi(A) < 00 we have 



[ f nXA duL = ^A^C' n )^\-^-). 

Jn M°nJ 



If {/u(C„)} n(E N has n0 convergent subsequence, then there exists no such that for 
n > n , [i{A n C' n ) = and if ix(C„) ->■ then /x(C^) -> 0. Thus / n fnXAdfJ. = 
fj,(A n C^)<frj~ 1 ( ^c" ) ) ^ m both cases. These imply that /„ -> weakly. So 

/ $ U »r / j rW< / ^2( ., /, rW- 

Jo xV* 2 (/„op) J n m 2 {f n o(p) 

Thus N^(C v {f n o(p)) >/3i-e. 

Also, there exists compact operator T e L(L $1 (O, S, /x), L* 1 (O, S, /x)) such that 
llC^He > ||C V — T|| — e. Hence N$ 2 (Tf n ) — > o and so there exists JV > such that 
for each n > N, N^ 2 (Tf n ) < e. So 

\\CJ e > \\C V -T\\-e> \N* 2 (f n o tp) - N* 2 (Tf n )\ > ft - e - e, 
thus we conclude that 1 1 C<^ 1 1 e > ft- 



Theorem 4.2. Let u : il —> C be S— measurable and Let M u : L* 1 (0,S,/x) — > 
L* 2 (O, E, /x). If ft = inf {e > : N £ consists of finitely many atoms}. Then 
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(a) ||M u || e < /3 2 . 

(b) Let $1 € A 2 and ix(C„) — > or {/tx(C n )}„ e N has no convergent subsequence. 
Then h < \\M U \\ e . 

Proof, (a) Let e > 0. Then N e+ p 2 consist of finitely many atoms. Put u e+ p 2 = 
uxn c+ p 2 and M Ue+fl2 . So M„ e+ft is finite rank and so compact. Also for / e 

Jn [ £ + P2jJv*iU; Jn\N e+fi2 { £ + Pv^^Al) 

<[ $i(^4n)^<i- 

Jn\N e+P2 iV $il/J 
Hence Ng> 2 (uf - u £+ p 2 f) < (e + fi^N&Af) and so 

||M„|| e < ||M U -M„ e+ J| <e + /3 2 . 

Thus ||M„|| e <pY 

(b) Let < e < /3 2 . Then by definition, Np 2 - e (u) contains infinitely many atoms 
or a non- atomic subset of positive measure. If Np 2 _ e (u) consists a non- atomic 
subset, then we can find a sequence {B n } n£ ^ such that fi(B n ) < oo and fi(B n ) — > 0. 
Put /„ = N ^^ B ) i then for every ieE with < n(A) < oo we have 

/ f nXA d^ = ^A^B n )^- 1 \^—)< $1 ( ^ } ^0. 

when n — >• oo. Also, if Np 2 - £ (u) consists infinitely many atoms {C^jneN- We set 
/„ = N *^ c i ) ■ Then for every 4gE with < < oo we have 

/ /„ XA rf iU = /U (Anc;)$r 1 (^7r)- 

If {/i(C„)} ne N has no convergent subsequence, then there exists no such that for 
n > n , fj,(A n C*4) = and if /i(C„) -)■ then /u(C^) -> 0. Thus J n /„Xa<z> = 
fi(A n C^)$7 1 (^tj) -> in both cases. These imply that /„ weakly. So 

7n N^ 2 (uf n ) J n N^ 2 (uf n ) 

Thus JV« a (u/„) > /8a -e- 

Also, there exists compact operator T G L(L $1 (O, E, /x), i* 2 (O, S, /x)) such that 
||-W«||e > ||T-M U || -£. Hence N<s, 2 (Tf n ) -> o and so there exists A > such that 
for each n > A, N^ 2 (Tf n ) < e. So 

||M„|| e > ||M„ - T|| - £ > |JV» a (u/ n ) - N* 2 (Tf n )\ >fc-e-£, 
thus we conclude that ||M„|| e > /3 2 . 

Corollary 4.3. If /x(O) < oo and $i e A 2 . Then 
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(a) ||C v || e = 0i. 

(b) \\M u \\ e = f3 2 . 

Corollary 4.4. If fj,(Q) < oo and $1 £ A 2 . Then 

(a) C v is compact if and only if /3i = 0. 

(b) M u is compact if and only if /? 2 = 0. 

Example 4.5. (a) Let ft = N, fi be counting measure on f2 and ^ be injec- 
tive transformation on tt. If we set $i(n) = ^ and $2(") = \, for all n G N. 
Then by using theorem 3.1 the operator C v is compact from i $1 (N, £,//) into 
L* 2 (N,£,/i). Also, C v is not compact from £* 2 (N,£,^) into L* 1 (N, S, //). Also, 
if u(n) — ^rj-, then by theorem 3.3 the multiplication operator M u is not compact 
from L $1 (N, £,/z) into L* 2 (N, £,/z) and if u(n) = then by theorem 3.3 the 
multiplication operator M u is compact from L $1 (N, into L* 2 (N, £,//). 

(b) Let Q = [0, 1) U (N — {1}), where N is the set of natural numbers. Let \i 
be the Lebesque measure on [0, 1) and /i({n}) = 1, if n € (N — {1}). If we set 
$>i{x) = e x — x — 1, $2(n) = ^- and = x 2 + 2 for x e 0, then then by 

theorem 3.3 the multiplication operator M u is not compact from L $1 (N, S,/x) into 
i* 2 (N,E jAi ). 
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